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The  d i s c u s s i o n  c o n c e r n s  s t e a d y - s t a t e  f low of a v i s c o u s  f lu id  a r o u n d  a s p h e r i c a l  bubb le  a t  
s m a l l  R e y n o l d s  n u m b e r  R.  A s y m p t o t i c  m a t c h i n g  [1] p r o v i d e s  a way  of c a l c u l a t i n g  the  r e -  
s i s t a n c e  f o r c e ,  which  a g r e e s  we l l  wi th  the  m e a s u r e d  f o r c e  fo r  R < 5. The  r a t e  of g rowth  
o r  d i s s o l u t i o n  of the  bubb le  i s  c a l c u l a t e d  on the  a s s u m p t i o n  tha t  the  P 6 c l e t  n u m b e r  i s  l a r g e .  

I t  fo l lows  f r o m  a s u r v e y  [2] of  the  r i s e  r a t e s  of s i ng l e  bubb l e s  in  l i qu ids  tha t  the  v i s c o u s  r e s i s t a n c e  
fo r  R << 1 (R i s  R e y n o l d s  n u m b e r )  c o i n c i d e s  wi th  the  S tokes  f o r c e  fo r  a h a r d  s p h e r e  of the  s a m e  r a d i u s .  
L e v i c h  [3] c o n s i d e r s  tha t  the  c a u s e  of t h i s  i s  the  a d s o r p t i o n  of s u r f a c t a n t s ,  wh ich  p r o d u c e  an i m m o b i l e  f i l m  
at  the  s u r f a c e .  The  S tokes  f o r c e  i s  r e p l a c e d  by the A d a m a r - R y b c h i n s k i  one [3] fo r  a s p h e r i c a l  bubble  wi th  
a f r e e  s u r f a c e  as  R i n c r e a s e s ,  and  e x p e r i m e n t  [2] shows  tha t  the  t r a n s i t i o n  point  i s  dependen t  on the  p r o p -  
e r t i e s  of the  l i qu id  o v e r  a f a i r l y  wide  r a n g e  in R {about 10 -4 to 20). 

I t  i s  a s s u m e d  h e r e  tha t  t h e r e  i s  f low a r o u n d  a s p h e r i c a l  bubb le  wi th  a f r e e  s u r f a c e  fo r  R << 1, wi th  
the  equa t ion  [1] 

R ( o ,  0 o ,  0 o ,  2 0 r  
D4r = ~ o3 Or Or 00 ~- 2 ctg 0 ar ~ -  D2~p r (1) 

(D s 02 sin0 0 t O R = - ~ )  
= ~ +  ~-~ 00 sin0 00 ' 

H e r e  r i s  the  d i s t a n c e  f r o m  the  c e n t e r  of the  bubble  a s  d i v i d e d  by  the bubb le  r a d i u s  a ; 0 i s  the  p o l a r  
ang le  ( r e c k o n e d  f r o m  the  d i r e c t i o n  of  u,  the  v e l o c i t y  v e c t o r  fo r  the  i n c i d e n t  flow) ; and v i s  the  k i n e m a t i c  
v i s c o s i t y .  

The b o u n d a r y  cond i t i ons  s t a t e  tha t  v r ( r a d i a l  componen t  of the  ve loc i ty )  b e c o m e s  z e r o  at  the  s u r f a c e  
of the  bubb le ,  a s  do ( r r0  (the c o m p o n e n t s  of  the  s t r e s s  t e n s o r ) .  A l s o ,  the  i n c i d e n t  f low is  u n i f o r m ,  and so  

0 ,  0 ~  02, 
00 = 0 ,  ~ - - - g ~ - r  ~ + 2  v ,  - - 0  for r = i  

--> 1/2rS sin s 0 for r--+ co 

We s e e k  a s o l u t i o n  in the  f o r m  

* = * o + R r  + . . .  (R<I )  

(2) 

Then  i t  fo l lows  f r o m  (1) and (2) tha t  

~o --  1/2 r (r - -  1) sins 0 

D%1 = - - 3 r  -2 ( t  - - r  -1) sin s 0 c o s 0  

(3) 

(4) 

A p a r t i c u l a r  so lu t i on  to  (4) is  

~x = -- '[1/sr (r - -  t) + a~r 5 -4- aar "~ + ao -4- a_2r -s] sin s 0 cos 0 
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The p r i n c i p l e  of m i n i m a l  s i n g u l a r i t y  [1] i m p l i e s  a 5 = a 3 = O; in f ac t ,  i t  i s  i m p o s s i b l e  to l ink  th i s  s o l u -  
t ion  to  the  e x t e r i o r  e x p a n s i o n  of  the  c u r r e n t  func t ion  i f  we  r e t a i n  t h e s e  t e r m s .  

Then  the  fo l lowing  i s  the  g e n e r a l  s o l u t i o n  to (4) tha t  s a t i s f i e s  the  b o u n d a r y  c ond i t i ons  a t  r = 1 and 
r ~  ~ whi le  i n c r e a s i n g  not  m o r e  r a p i d l y  than  as  r2: 

~Pl = (A - -  1/s cos O) r (r - -  1) sin * 0 

H e r e  A is  a c o n s t a n t  to  be  d e t e r m i n e d  f r o m  the  l ink ing  to the  e x t e r i o r  e x p a n s i o n .  

F u r t h e r ,  we g e t  

D ~ 2  = Px (r)Q1 (0) ~- P2 (r)Q2 (0) 4 : P 3  (r)Q~ (0) 

Q~ (0) = sin~ 0 cos 0 " 
p~ (r) = t#r-1 (I - -  s/~r-1) / ( ~ (0) = sin s 0, 

(0) = (5 cos~0 --  t) sin~ 0, 

The  Qi  a r e  e i g e n f u n c t i o n s  of  t he  o p e r a t o r  D 2 . 

We s e e k  a s o l u t i o n  to (6) a s  

~P2 = 11 (r)Q1 ( 0 ) ~  ]2 (r)Q2 (0) -3V /3 (r)Qa (0) 

We r e s t r i c t  o u r  de f i n i t i on  of  f t ( r )  to  

/1 (r) ---- aar a + a2r ~ 4 :  air + b2r ~ In r 

Subs t i t u t ion  of (7) in to  (6) g i v e s  t he  c o e f f i c i e n t s ,  w i th  132 = l~0. 

(5) 

(6) 

(7) 

We s e e  f r o m  (5) and  (7) tha t  t he  c o r r e c t i o n s  to  the  c u r r e n t  func t ion  do not  s a t i s f y  t he  b o u n d a r y  c o n d i -  
t ion  at  in f in i ty ,  b e c a u s e  [1] the  r a t i o  of  the  c o n v e c t i v e  t e r m s  to  the  v i s c o u s  ones  i s  of  the  o r d e r  of R r  fo r  
r -~ r162 Al though  t h i s  r a t i o  i s  s m a l l  fo r  r ~ 1, the  c o n v e c t i v e  t e r m s  in  (1) canno t  be  c o n s i d e r e d  as  a s m a l l  
c o r r e c t i o n  to t he  S tokes  equa t ion  fo r  r l a r g e .  

The  O s e e n  equa t ions  t a k e  s o m e  accoun t  of the  c o n v e c t i v e  t e r m s  and c o r r e c t l y  d e s c r i b e  t he  v e l o c i t y  
d i s t r i b u t i o n  at  l a r g e  d i s t a n c e s  [1]: 

0 s in0  ~ )  D~ T. ~ 0 (8) D 2 - c o s 0 ~ +  p 

0 . . , o 0 0  o ( ) )  
=' ~ -ps  + p2 ~ sin0 00 '  p = R r ,  ~(p,  8 ) = ~  ~ - , 8  

The  fo l lowing  i s  a s o l u t i o n  to  (8) t ha t  s a t i s f i e s  t he  c ond i t i ons  a t  i n f in i ty  and the  p r i n c i p l e  of  m i n i m u m  
s i n g u l a r i t y  a t  t he  o r i g i n :  

H e r e  B i s  a c o n s t a n t  to  be  d e t e r m i n e d  by a s y m p t o t i c  l i nk ing .  The  fo l lowing  i s  (9) r e w r i t t e n  in  t e r m s  
of  i n t e r i o r  v a r i a b l e s :  

and  f o r  R s m a l l  b e c o m e s  

= 1/2 r~ s ins  0 - -  1/2 Br s in  s 8 

which  shou ld  c o i n c i d e  wi th  the  o n e - t e r m  i n t e r i o r  e x p a n s i o n  of (3), so  B = 1. 

The  t w o - t e r m  i n t e r i o r  e x p a n s i o n  of (3) and (5) i s  pu t  a s  fo l lows  in  t e r m s  of  i n t e r i o r  v a r i a b l e s :  

~ _ _ _ l / ~ ( p / R ) ( p / R _  l ) ( i  4: AR - -  I/4 R cos O) sin ~8 
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and fo r  R s m a l l  b e c o m e s  
~ , = l / 2 ( p l B )  ~ ( l - B ! p + A R - ~ / 4 R c o s O )  sin ~0 

which  should  c o i n c i d e  wi th  (9) as  w r i t t e n  up  to  t e r m s  of the  o r d e r  of R i n c l u s i v e :  

---- 112r 2s in  2 0 -  1/2rsin s 0  + 1/srSR ( t - -  c o s 0 )  sin 20 

Th i s  m e a n s  tha t  A = 1/4. 

Then  the  fo l lowing  i s  the  c u r r e n t  func t ion  n e a r  the  bubble  s u r f a c e  up to t e r m s  of the o r d e r  of  R: 

= ~/2r (r - -  1) [t +z !  4 R (1 - -  cos O)l sin s 0 (10) 

If  r (the nex t  c o r r e c t i o n  to  the  c u r r e n t  funct ion)  i s  w r i t t e n  in t e r m s  of e x t e r i o r  v a r i a b l e s ,  the  o t h e r  
t e r m s  wi l l  i nc lude  a h i g h e r - o r d e r  t e r m :  

o~lnR sin2 0 (11) 
~ - -  20B2 

If  we s e e k  a so lu t i on  f a r  f r o m  the s p h e r e  a s  a p o w e r  s e r i e s  in R, wi th  the  O s e e n  so lu t i on  as  the  
z e r o t h  a p p r o x i m a t i o n ,  t he  nex t  a p p r o x i m a t i o n  wi l l  not  con ta in  t e r m s  tha t  l i nk  up wi th  the  func t ion  of  (11) 
[4], so we have  to e l i m i n a t e  t h i s  t e r m  b y  adding  to the  i n t e r i o r  e x p a n s i o n  a t e r m  of the  f o r m  

~ ' = ~ o  +B~l+~12oB s l n B r ( r -  1) sin sO + . . .  

The c u r r e n t  funct ion  n e a r  the  bubb le  i s  then  as  fo l lows  up to  t e r m s  of the  o r d e r  of R 2 In R: 

~ = ll2r (r - -  l )  [i + z / 4 B ( l - c o s 0 )  + I l z 0 B  ~ l n B ] s i n  s0  

We ge t  the  fo l lowing  a s  the  f o r c e  on a bubb le  m o v i n g  s t e a d i l y  in  a l iqu id :  

F = 4n~tau (t + 

H e r e  it = p ' v  i s  t h e  d y n a m i c  v i s c o s i t y  of the  

If we  u s e  on ly  the  f i r s t  two t e r m s  in (12), the  
c i en t  CD: 

2F 
CD ~ 

114I~ + llzoBs In B) (12) 

l i qu id .  

fo l lowing  i s  the  R d e p e n d e n c e  of the  r e s i s t a n c e  c o e f f i -  

' R) 

This  a g r e e s  we l l  wi th  e x p e r i m e n t  [2] up to R ~ 5, a s  F i g .  1 shows ,  w h e r e  c u r v e  1 i s  the  S tokes  s o l u -  
t ion f o r  a s o l i d  s p h e r e ,  2 i s  the  S tokes  s o l u t i o n  wi th  the  O s e e n  c o r r e c t i o n ,  3 i s  the  A d a m a r - R y b c h i n s k i  
s o l u t i o n  fo r  a s p h e r e  wi th  a f r e e  s u r f a c e ,  and 4 i s  the  r e s u l t  f r o m  (13). The  e x p e r i m e n t a l  c u r v e s  a r e  r e p -  
r e s e n t e d  by  the  p o i n t s .  

A l though  the  S tokes  f o r m u l a  a l s o  a g r e e s  wi th  e x p e r i m e n t  fo r  1.5 < R < 5, f o r m u l a  (13) a g r e e s  wi th  
e x p e r i m e n t  t h roughou t  the  r e g i o n  R < 5, so  w e  m a y  a s s u m e  tha t  f low a r o u n d  a bubb le  m a y  be  c o n s i d e r e d  

]0 

4 

Fig. 1 

as  f low a r o u n d  a s p h e r e  wi th  a f r e e  s u r f a c e  r a t h e r  than  as  f low a r o u n d  a 
s o l i d  s p h e r e .  The d i f f e r e n c e  b e t w e e n  the  two flow c ond i t i ons  i s  u n i m -  
p o r t a n t  in d e t e r m i n i n g  the  r a t e  of  r i s e  f o r  1.5 < R < 5 but  i s  i m p o r t a n t  
in c a l c u l a t i n g  the  r a t e  of g r o w t h  o r  s h i n k a g e  by  d i f fus ion .  

In the  S tokes  cond i t ion ,  when ua >> D (v >> D), the  d i f fus ion  f lux to 
the  s u r f a c e  of a s o l i d  s p h e r e  is  [3] 

I ---- 7.98 (uD~a4)V , (coo - -  ca) (14) 

H e r e  C~ i s  the  gas  c o n c e n t r a t i o n  f a r  f r o m  the bubb le ,  wh i l e  c a i s  
the  c o n c e n t r a t i o n  at  the  s u r f a c e .  

A s i m i l a r  c a l c u l a t i o n  v i a  (10) g i v e s  t he  fo l lowing  r e s u l t  f o r  f low 
a r o u n d  a s p h e r e  wi th  a f r e e  s u r f a c e :  
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I = 5.79 (uDaa) 'l. (1 -~ 1/4R)'/2 (C~ - -  Ca) (15) 

This becomes Levieh ' s  formula [3] for R ~  O. The cor rec t ion  to the f irst  t e rm in the R expansion 
is about 50% for R= 5. 

We can substitute the rate  of s teady-s ta te  r i se  of a bubble into {15): 

t ga 2 t 
u = T - ~  1 + , / i n  (16) 

Here g is the accelera t ion due to gravity.  

Then the total flux to the surface of the bubble is 

l ----- 3.35 (DaSg / ~,)V, (c,~ ~ ca) (17) 

The factor  dependent on R in (17) cancels out also when we incorporate  the next t e rm in the expansion 
of the cur rent  function as a se r i e s  in R. 

Equation (17) also descr ibes  the rate  of growth or  shrinkage of a spherical  bubble by diffusion for 
~fR >> 1 in the absence of surfactants  [3], so it is suitable for  the entire range where there  is no flow de- 
tachment.  

We are indebted to V. G. Levich for a discussion.  

1, 
2. 

3. 
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